Abstract. Let A be a unital C * -algebra, and let (A, G, α) be a C * -dynamical system with G abelian and discrete. In this paper, we introduce the continuous affine map R from the trace state space 
Introduction
Let A be a unital C * -algebra, and let A sa be the set consists of all self-adjoint elements in A. The real rank of A is the smallest integer, RR(A), such that for each n-tuple (x 1 , x 2 , · · · , x n ) of elements in A sa with n ≤ RR(A) + 1, and every ε > 0, there is an n-tuple (y 1 , y 2 , · · · , y n ) of elements in A sa such that n k=1 y * k y k is invertible and n k=1 (x k − y k ) 2 < ε. In particular, RR(A) = 0 if and only if the invertible self-adjoint elements are dense in A sa , which is equivalent to the fact that the self-adjoint elements with finite spectrum are dense in A sa . For a non-unital C * -algebra A, the real rank of A is RR(Ã), whereÃ is the unitization of A. The real rank zero property has been widely studied by many authors, for example L. Brown, H. Lin, G. K. Pedersen, S. Zhang and so on. Let A be a C * -algebra, let G be a locally compact Hausdorff group, and let (A, G, α) be a C * -dynamical system. There are also many efforts that have been made to understand the relation between the real ranks of A and of A × α G, in particular, between the real rank zero properties of A and A × α G. For example, in [4] , it was guessed that RR(A × α G) ≤ dimĜ + RR(A) for G finite. In [3] , by using the Rokhlin property, some statements equivalent to RR(A × α Z) = 0 were given for A = M 2 ∞ , which were generalized later in [9] for A to be a UHF algebra. For a C * -algebra A, a bounded functional τ of A is called a trace state, if lim λ τ (e λ ) = 1, where {e λ } is one approximate unit of A, and τ (ab) = τ (ba) for any a, b ∈ A. The trace state space of A, which is notated by T (A), is the set consisting of all trace states of A. For a C * -dynamical system (A, G, α), α induces a canonical action α * on T (A): (α * t (τ ))(a) = τ (α t (a)) (∀a ∈ A, τ ∈ T (A), t ∈ G). A trace state τ ∈ T (A) is called α-invariant if α * t (τ ) = τ (∀t ∈ G). Let T (A) α * be the set consisting of all α-invariant trace states. If moreover G is discrete and A is unital, then A can be viewed as a unital subalgebra of A × α G. Therefore for any trace state of A × α G, we get a trace state of A by restriction, which is moreover α-invariant by direct computation, i.e. there is a canonical mapping R :
Since the trace state space is one of Elliott's classification invariants for unital amenable C * -algebras, we want to find how much the mapping R reflects the relation of the real rank zero properties of A and A × α G. In this paper, for G abelian, if A × α G is of real rank zero, andĜ is connected, we prove that R is homeomorphic. Conversely, if R is homeomorphic, we will get some properties and real rank zero characterization of A × α G. In particular, in that case, A × α G is of real rank zero 
Main results
We should first recall some basic notations and definitions in K-theory which will play roles later. Let A be a unital C * -algebra. For each integer k, we denote the unitary group of M k (A) by U k (A), and the subgroup of U k (A) consisting of all elements connected to the unit of 
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The key observations (see [1] , Lemma 3) are: 
Since for any unital C * -algebra B, U 0 (B) is generated algebraically by {e ix : x ∈ B sa }, for each unitary u ∈ U n 0 (A), there is a piecewise smooth path η u in U n 0 (A) from 1 to u. Therefore for each n ∈ N ∪ {∞}, we can define a group homomorphism:
). This homomorphism makes it possible to get the information of the real rank zero property of A × α G, which is relative to U 0 (A × α G), from the mapping R :
Proof. By duality, we have a
, where µ is the canonical Haar probability on the compact groupĜ. Since G is discrete, A ⊆ A × α G, and A = {x ∈ A × α G :α σ (x) = x for ∀σ ∈Ĝ)}. So the image of φ is included in A, and for
It is easy to see that
By the definition of φ, φ is a faithful completely positive map, and so a faithful expectation from A × α G onto A.
Lemma 2. Let (A, G, α) be a C * -dynamical system with G abelian and discrete and A unital, and let
T (A) α * = {τ ∈ T (A) : τ • α t = τ, ∀t ∈ G} . Then there are continuous affine maps Φ : T (A) α * → T (A × α G) and R : T (A × α G) → T (A) α * such that R • Φ = id and the image of Φ is T (A × α G)α * = {τ ∈ T (A × α G) : τ •α σ = τ, ∀σ ∈Ĝ}. Therefore Φ is an affine homeomorphism from T (A) α * onto T (A × α G)α * .
Proof. Let i be the canonical inclusion of
, and it is easy to see 
Proof. First we assume that B is unital, let ω ∈ T (B), and let p be a projection in B. Then the mapping h → ω(β h (p)), ∀h ∈ H, is continuous on H. For any h 0 ∈ H, there is a neighborhood V 0 of h 0 such that β h (p) − p < 1 for any h ∈ V 0 , and so there is a unitary element
then, by the discussion above U is a non-empty clopen set. Therefore U = H by the connectedness of H, i.e. for any ω ∈ T (B),
Since B is real rank zero, for any b ∈ B, b can be approximated by the linear combination of projections in B, and so ω(β h (b)) = ω(b)(∀h ∈ H). This completes the proof in the unital case. Now if B is non-unital, and we let B = B + C1 be the unitization of B, then B is of real rank zero by definition. For any h ∈ H, let β h be the automorphism of B such that
(the trace state of B), we define τ by
, and so T (B) β * = T (B). Note. Conversely, for an abelian group G and a C * -dynamical system (A, G, α)
; then π is faithful. Let {δ s |s ∈ G} be the canonical basis of l 2 (G), and let M |G| be the matrix algebra with size |G|, where δ s is the characterization function on G of {s} ⊆ G. We have the map ρ :
It is easy to see ρ is an isomorphism, and π ⊗ ρ:
is an injective homomorphism. By [12] , 7.7.12, there is an injective homomorphism Φ:
, and Φ is defined as follows:
and so RR(A × α G) = RR(B).
, where E tt ∈ M |G| is the matrix with 1 at (t, t) position, and 0 at other positions. Therefore
|G| . Then φ is an affine homeomorphism.
Let Ψ * be the affine map from T (B) = T (M |G| (B)) to T (A × α G) induced by Ψ. Then Ψ * is an affine homeomorphism, and for every τ ∈ T (B),
we have the following commutative graph:
is also not 0.
Proposition 2. Let (A, G, α) be a C * -dynamical system with A unital. For every
Proof. Let V, V α be the real linear subspace of (A sa ) * = (A * ) sa which are linearly spanned by T (A) and T (A) α * respectively; then
It is clear that
be the Jordan decomposition of τ and ρ respectively; then
For any u ∈ U (A), t ∈ G, it is easy to see that
, by the uniqueness of the Jordan decomposition,
and so
, and we define g to be the linear functional on
, and so the definition of g is well defined. It is also easy to see g is linear on V α . Let {τ i } i∈Λ be a bounded net in V α with τ i w * -convergent to τ in V α . If g(τ i ) is not convergent to g(τ ), then there is a ε > 0 such that {i ∈ Λ : |g(τ i ) − g(τ )| ≥ ε}=s Λ is a directed subset of Λ with the order of Λ. So {τ j } j∈s Λ is a subnet of {τ i } i∈Λ .
Let τ i = (τ i ) + − (τ i ) − be the Jordan decomposition of τ i ; then
here, without loss of generality, we assume that all the denominators are not zero). Then
This contradicts the fact that |g(τ k )−g(τ )| ≥ ε, and so g(τ i ) → g(τ ). By the KreinSmulian Theorem, we see that g is a w * -continuous linear functional on V α with g| T (A) α * = φ. By the Hahn-Banach extension theorem, there is a w * -continuous linear functional on (A sa ) * which is an extension of g. By the well-known dual theorem, there is an element a φ ∈ A sa such that g(τ ) = τ (a φ )(∀τ ∈ V α ), and so
Similar discussion says, for any ψ ∈ AffT (A), there is also a ψ ∈ A sa such that ψ(τ ) = τ (a ψ )(∀τ ∈ T (A)).
Lemma 3 ([16], Theorem 3.2). For n ∈ N ∪ {∞}, ∆ n induces a homeomorphic group isomorphism
n defined as follows: By the duality theorem, for any element ξ in Af f T (A), we have a ∈ A sa with ξ(τ ) = τ (a) for any τ ∈ T (A), and so denote ξ bŷ a. Then define Φ n (q(ξ)) = q 0 (e 2πia ). In particular, 
)), and induces a group homomorphism from AffT
, and so 
Proof. Keeping the notations as above, by Proposition 2, R G : Af f T (A) → Af f (T (A) α * ) is surjective. Since R is homeomorphic, Ψ is surjective, and so is ψ. Then φ:
be approximated by the unitary elements with the form
, it is well known thatx can be approximated by the unitary elements with the form e ih 1 e ih 2 · · · e ih k for some
, and so we can choose thex i andȳ i above in 
Proof. By Lemma 3, it is enough to prove that AffT
A n,i , and all A n,i are non-elementary simple C * -algebras of real rank zero. Since A n,i is simple, we may assume all φ n : A n → A are injective and view A n as a subalgebra of A.
Since A n,i is of real rank zero,â i ∈ span R {p : p = p * = p 2 ∈ A n,i }. Let p ∈ A n,i be a projection, and r ∈ R. Then for any ε > 0, we can choose n, m ∈ N such that |r− Proof. From the discussion in the proof of Theorem 2, we know that φ defined in Lemma 4 is surjective. Then (1) is from Lemma 4 and Proposition 3 directly. The proof of (2) is similar to that of Theorem 2 by use of (1).
